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1. INTRODUCTION

One of the commoner tasks occufring in the field of trajectory

analysis is calculation of the effects of winds. This is an especially

important problem for unguided, fin-stabilized rockets. :
In order to minimize computer time and input data preparation,

the analyst seeks the simplest model which will do the job. For the

win&—trajvectory inﬁeraciion-éroblem, thiﬁs might be a point mass

trajectory model with Lewis theory wind response. This IOC generates

the corrections to classical Lewis theory required if the simulaticn is

to be valid everywhere except near the launcher.
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2. ANALYSIS

This is a matched asymptotic expansion problem. The outer

solutlon, often referred to as Lewis' Theory,has been known for a

long time. As described in ref. (1), the basic idea in Lewis' Theory
is that an unguided, fin-stabilized rocket will head instantly into the
relative wind. However, at launch, the dynamic pressure, and hence
the aerodynamic "spring rate' both vanish while the pitch moment of
inertia remains finite. This suggests a Fresnel integral type of inner
solution like that in ref. (2). Because the inner solution models in
detail the pitch dynamics, its characteristic eq. will be of higher degree
than that for the outer solution. An entirely analagous problem for the
gravity turn has been solved in ref. (3).

Also, as shown in ref. (2), because winds are fixed relative

to the earth, the analysis can be done on a planar basis with rocket

roll rate ignored. This is a linearized analysis with infinitesimal
wind speed V. The most convenient way to do this problem is to find
the step response for a constant V, differentiate to obtain the impulse

response, and then find the solution for arbitrary V by superposition.

3. INNER SOLUTION

This follows the notation and procedures of ref. (3). The body

axis equations of motion are

W - 6u=0 )

5 - Ma(GH' %") , 2)
- W B
a = -u— N (3) i
_ 2. 2
M, = -IA" u”, and (4) .
Y= 6-a. _



Here u, w = x and z body axis velocity components,
Y= flight path angle,
| I = pitch moment of inertia

Ma = aerodynamic spring rate,

A= initial pitch/yaw wave number,

= angle of attack

@ = inertial pitch angle, and

V = wind speed in the unperturbed z direction.

It is presumed that thex axis is taken along the axis of symmetry,
and that the inertia ellipsoid is a flat disk. The lateral forces are all
neglected in eq. (1), which implies that lateral drift is negligible com-
pared with lateral displacement due to repointing. Aerodynamic and
propulsive damping torques have been neglected in eq. (2) in order to
obtain a simplified solution.
The two dynamical equations can now be summarized as
W - Hu=0, and (1)
§ = - w+V) (6)
The next step is to change the independent variable from time to

distance along the flight path, s.

d d ds d
a " ds @& - %g - el ) (7)

In eq. (7) the prime is used to denote the derivative with respect to

distance along the flight path. The result of this variable change is
w' - § = 0, and (8)
e s -AZ'(W + V) (9)"
Eliminating the pitch rate 9 from these two gives

Wit Xw = - 2. (10)
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For our step wind profile, the general solution to eq. (10) is

w=-V+ Gy sinhs+C, cos As, oy

where C1 and C2 are constants of integration to be found from the

initial conditions.

While on the launcher, the rocket is constrained such that

both w and 6 are zero. When it has travelled to the end of a launcher
of length L, these constraints are the desired initial conditions for

the wind response problem. That is,
w (L) = 0, and (12)

6 (L) =w' (L) =0 (13)

_Applying eq's. (12) and (13) to eq. (11) results in

w ==V + Vsin AL sin As + V cos AL cos As, or

w==-V[l-cosA(s-L)]. =~ (14)

From eq. (3), the angle of attack is .
A= - _Y A .
T |1 - cos A(s-L)| . (15)

The pitch angle, and the flight path angle take a little more work.
First

6= - AV sin A (s-L), (16)
. S s
and 6 :fédt = fé%—s- SN Si—n’\aiill:)ds (17)
L L

The simplest description of the longitudinal velocity history is that

resulting from a constant axial acceleration a. That is,

u = 2as. (18)
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When this is substituted into eq. (17), and the result rearranged,

we obtain the form,

N, RS . e e i e it e i s e e

As

As
- T .y cosAs d(As) _ sinAs d(As)|
0 V\/aI [sm)\Lf = coslp T ] | (19)

AL AL

The integrals appearing in eq. (19) are the Fresnel integrals
described in Ref. (4). They are defined by

X .
C(X) = f €oSt  4t, and . (20)
J2mt '
5V |
s(x) = [simt 4 21
(X) /jm t | (21)
N |

Then

0= vV [sin AL (C (A9) - G (AL)- cos AL (5 (Ae) - 5 (AL) )

I

and finally, from eq's (5) and (15),

y= v VI [sin AL (C (Xe) - G (AL)) - cos AL (5 (As) - S(AL) )}

+ -cos A (s - L)] . (23)

\4 [1
Vv2as
If we instead wanted the flight path angle change resulting from

a wind impulse of magnitude VI occurring at an altitude L from
liftoff, it is only necessary to find -87/0 L from eq. (23)., Then the

_impulse response is

(22)



low altitudes near the launcher.

¥= v, V@f_ [sinAL (sihs) - ¢ AL)) + cosAL (G(As) - C(AL))]
a

+ A sinA (s -1)

JZas

(24)

Now, we know that most of the wind response occurs at very

The effects of wind on the gross

trajectory are found by evaluating

This is the outer limit of the inner solution.

lim Y=V

. \/[E [sin)\L (F -5 (AL)+ cos AL (- ¢ ).L))] (25)
S—00 a

To the outer solution, ¥

mimics a change in launcher elevation angle setting.

4.

OUTER SOLUTION

The outer solution is a point mass solution based on the Lewis

assumption that the rocket heads instantly into the relative wind. The

intrinsic coordinate equations of motion are

Here

 Combining eq's. (26) and (27),

m u¥ = ‘(T-D)%’ + mg sin ¥, and (26)
T-D
a= ——— -gcos 7. (27)
T = Thrustg
' D = drag,
m = mass of the rocket, and
g = acceleration due to gravity.

u):' = --2-1/- (a+gcos?) + gsin 7 (28)



Note that the response to gsin ? has already been published in ref. (3),

Furthermore, for most unguided rockets

a>g, (29)
resulting in

dy _ \4

Iz - - w2 (30)

y= Y - Y (31)

since the initial condition must be that ¥(L) = 0. Once, more the
derivative of the step response is the negative of the impulse response. It is
A

S—+0 2L J2alL

where VI is the magnitude of the wind impulse at altitude L.

5. MA'T CHING PROCESS

The simplest way for satisfying the requirement that the
outer limit of the inner solution match the inner limit of the outer
solution is to solve the outer problem -- it describes the gross trajectory
-= with a wind profile F(As) V(s), That is, Lewis Theory will be
used, but the real wind profile V(s) will be reduced for simulation

purposes by multiplying by F.

"We can see that 7 is proportional to 1/,/a in eq. (23). If the
vehicle design were such that a was not large, the ¥ change due to
winds would become inordinate.



The essence of this problem is to determine the factor F.

_ Fortunately, the ratio formed by eq's. (25) and (32) will do the job

nicely. Here, in all its glory, is the appropriate form for F:

F=V2inis)’ [sin )\s(%- - s (}\s)> + cos As (21- -C ()\s))] . (33)

We note that F depends only on the initial pitch/yaw wave number, A,
and on the distance travelled from liftoff, s, The formula for F
above is universal; i. e., it should apply for all types of unguided, fin-
stabilized rockets. |

In attached computer printout, the numerical values of F are
given. The numerical data are also shown in the attached graph. It

looks much like an exponential.

—

6. CONCLUSION

A good, simple trajectory model for an unguided, fin-stabilized
rocket flying in a wind field is based on the point mass, Lewis Theory
equations of motion. For the simulation to be valid everywhere
except near the launcher, the launcher length in the simulation should
be found from ref. (3), and the horizontal winds should be multiplied

by a factor F given by eq. (33).
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